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Stability of Fluttered Panels Subjected to In-Plane
Harmonic Forces

T. H. Young* and F. Y. Ghent
National Taiwan Institute of Technology, Taipei, Taiwan 10772, Republic of China

This paper presents an investigation into the stability of a fluttered panel acted on by an in-plane harmonic
force. The in-plane force is assumed to be slow varying and small in magnitude compared to the aerodynamic
force. Because of this small harmonic force, the system may become stable although the aerodynamic force
exceeds its critical value. In this work, the finite element formulation is applied to obtain the discretized system
equations. The autonomous terms in the system equations are then uncoupled by transforming these terms into
Jordan canonical forms. Finally, the method of multiple scales is used to solve for analytical solutions of the
system. The effects of system parameters on the changes of stability boundaries are studied numerically.

I. Introduction

T HE stability behavior of elastic structures exposed in air
is one of the major considerations in structural design,

especially for aerospace structures where the minimum weight
is one of its design goals. Therefore, hundreds of references
regarding this topic can be found in the existing literature.1'2
Most of the references consider panels subjected to aerody-
namic forces only and deal primarily with the determination
of the critical value of the aerodynamic pressure.

Durvasula3 utilized the assumed mode method to calculate
the critical aerodynamic pressure of a skew plate simply sup-
ported all around. In this paper, the aerodynamic damping
term is neglected. Numerical results show that the critical
value increases with increasing skew angle of the plate at
aspect ratio equal to 1 and 2, and this value is the smallest at
15-deg skew angle when the aspect ratio is 1/2. The critical
aerodynamic pressure of a quadrilateral plate was determined
by Srinivasan and Babu.4 Numerical results for plates with
different boundary conditions are given. Olson5 applied
rectangular conforming and nonconforming elements and tri-
angular conforming elements to find the critical aerodynamic
pressure of square panels and delta wings. Convergence stud-
ies are presented for these three kinds of elements. It is ob-
served that the results obtained by using conforming elements
converge faster and are more accurate.

However, it would be more general and physically realistic
to consider panels subjected to other forms of forces simulta-
neously, such as in-plane forces which may arise from internal
pressurization2 or local vibration of the surface panels.6 Du-
gundji7 found the exact solution of a simply supported rectan-
gular plate subjected to both aerodynamic and in-plane forces.
Numerical results show that the critical aerodynamic pressure
increases with increasing aerodynamic and structural damp-
ing, especially at low aspect ratios. The critical aerodynamic
pressure of a quadrilateral plate subjected simultaneously to
in-plane loads was calculated by Sander et al.8 by using con-
forming and nonconforming finite elements. In this work,
convergence studies for these two kinds of elements and the
effects of aspect ratio, flow angularity, and in-plane loads are
presented, and the calculated results are also compared with
experimental data. The in-plane force considered in the cited

Received April 1, 1992; revision received Sept. 15, 1992; accepted
for publication Sept. 15, 1992. Copyright © 1992 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

* Associate Professor, Department of Mechanical Engineering.
fGraduate Research Assistant, Department of Mechanical Engi-

neering.

references is static. However, in real situations, the in-plane
force is usually time dependent. Young and Chen9 investigated
the stability of skew plates subjected to both aerodynamic and
in-plane oscillating forces. The aerodynamic force considered
in this paper is smaller than its critical value. The authors find
that with a small in-plane harmonic force, the plate may
become unstable before the aerodynamic pressure reaches its
critical value.

As for the subject of the stability of fluttered structures
acted on by parametric excitation, only the papers by Fu and
Nemat-Nasser10'11 can be found in the literature. In these two
papers, the stability of beams subjected to a transverse fol-
lower force and a perturbation of the force is studied by using
a perturbation method. The stability boundaries of the combi-
nation resonances of the summed and difference types are
derived. However, the case where the perturbation frequency
is near zero is not discussed, which is very important practi-
cally for fluttered panels due to aerodynamic forces.

This paper presents an investigation into the stability of a
panel subjected to an aerodynamic force with the magnitude
exceeding its critical value and acted on simultaneously by an
in-plane harmonic force. The panel is modeled as a cantilever
skew plate and the in-plane harmonic force may be induced by
the bending vibration of the frame structure onto which the
panel is riveted. Usually, this kind of exciting force is small in
magnitude and low in frequency.

II. Equation of Motion
A skew plate of side length a x b with a skew angle 6

subjected to an air flow in the ft direction and an in-plane
harmonic force F cos Qf, where Q is the exciting frequency in
the ft direction, is shown in Fig. 1. In this figure, the relations
between the skew coordinates (ft, ft) and the Cartesian coordi-
nates (Xi, #2) are given by

=Ar!-x2 tan 6
(1)

The aerodynamic pressure for sufficiently high supersonic
flow can be described by the two-dimensional first-order the-
ory (also called the piston theory) as2

2, 0= - (2)

where q is the dynamic pressure, M*, the Mach number, Kthe
flow velocity, and w the transverse displacement; the overdot
denotes a partial derivative with respect to time t. Therefore,
for a thin plate with small deformation assumption, the equa-
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FcosQt
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Fig. 1 Configuration and finite element discretization of a skew
plate subjected to both aerodynamic and in-plane harmonic forces.

tion of motion of the plate subjected to both aerodynamic and
in-plane forces can be written as

( dw \ d2w
0— + nw 1 + F cos Of — j = 0 (3)

where p, h , and D are the mass density, thickness, and flexural
rigidity of the plate, respectively. In Eq. (3), v 4 denotes the
biharmonic operator, and the aerodynamic pressure and
damping parameters are

and

Equation (3) possesses no exact solutions; therefore, ap-
proximate methods must be utilized to find an approximate
solution. In this paper, the finite element method is first used
to get rid of the dependence on the spatial coordinates. By the
use of the three-node triangular Cheung-Zienkiewicz-King
(CZK) element,12 the displacement within an element can be
expressed as

w = NTae (4)

where the column matrices for the shape function and the
nodal parameter N and ae are given in Zienkiewicz.12 Intro-
duce the dimensionless variables and parameters defined as

de=ae/h,

Substituting Eq. (4) into Eq. (3) and going through the finite
element formulations yields the following equation for the
discretized system:

where [M], [C], and [K] are the mass, damping, and stiffness
matrices, respectively; [F/] and [Fp] are the force matrices due
to the in-plane and aerodynamic forces, respectively; a is the
column matrix formed by all the ae. In Eq. (5), the prime
denotes a partial derivative with respect to f. Note that the
damping matrix [C] is equal to the mass matrix [M], and the
matrices [M] and [K] are symmetric. In addition, the force
matrix [F/] is symmetric if the line of action of the in-plane
force remains unchanged.

Equation (5) is a set of simultaneous differential equations
with variable coefficients and still cannot be solved exactly. To
improve the solvability of the system equations, a modal anal-
ysis procedure is then applied to decouple all of the autono-
mous terms in the equations. The procedure is stated briefly as
follows: First considering the corresponding undamped, au-

tonomous system equations and assuming a = beiwlr gives the
following eigenvalue problem:

u2[M]b - ([K] + &[Fp])b = 0 (6)

This equation can be solved for all the nondimensional natural
frequencies co and modal vectors b. For small values of 3, the
natural frequencies are all real and distinct. As the value of 3
reaches a specific value, two of the natural frequencies become
equal, and the system is said to be fluttered. This specific value
of 3 is called the critical aerodynamic pressure (denoted J3cr).
In this work, 3 ̂ /cr is assumed.

As 3 reaches 3cr, the natural frequencies of the modes
involved in flutter become equal, say coi = co2, and the corre-
sponding eigenvectors coalesce into one, i.e., bi - b2. If an-
other principal vector bf(bf ^ b2) (Ref. 13) corresponding to
coi can be found, one may form a "generalized modal matrix"
to transform the matrices in the eigenvalue problem into their
Jordan canonical forms. Before doing this, one must trans-
form the generalized eigenvalue problem into a standard one
first. A direct way of doing so is to calculate the inverse of the
mass matrix [M]~l and then premultiply [M]~l with Eq. (6).
However, to avoid numerical errors when inverting the mass
matrix, a different procedure is adopted. The procedure con-
sists of the following steps:

1) Solve the generalized eigenvalue problem of the corre-
sponding natural system, i.e., \[M]d = [K]d, to obtain the
eigenvalues Xi, \2,. . . , X# and eigenvectors d\, d2,. . ., dN,
where AT is the total number of degrees of freedom in the finite
element formulation.

2) Introduce a linear transformation e = [D]b, where [D]
is a modal matrix formed by all the eigenvectors d/ normalized
with respect to the mass matrix.

3) By the standard modal analysis procedure,14 Eq. (6),
after replacing 3 by 3cr> becomes

= ([K] + $cr[Fp])e (7)

where [K] is a diagonal matrix with each diagonal entry being
the eigenvalues X/, i = 1, 2,. . . , N, and the matrix
[fp] = ID]T[FP] [D] ([D]T is the transpose of [D]).
Equation (7) is now a standard eigenvalue problem that may
be solved for the eigenvalue a?2 and the principal vector e.
Note that all of the principal vectors et are distinct.

Now we are ready to uncouple the autonomous terms in Eq.
(5). Introduce another linear transformation a = [D][E]y,
where [E] is a principal matrix formed by all of the principal
vectors ef. Substituting this transformation into Eq. (5), pre-
multiplying [E]~l[D]T with this equation, and making use of
orthogonality of the eigenvectors, yields the following equa-
tion:

y - + [J}y + (3 - + f cos Qf[F]y = 0 (8)

[M]d " + fi[C]d' + [K]d + p[Fp]d + F cos Sf[F/]a = 0 (5) where the matrices

and

lG] = lE]-l[DnFp]lD]lE]

The matrix [7] is in its Jordan canonical form

[/] =

0 0 • • - 0
w? 0 • • • 0

0 0 cof •

0 0 0

0
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Equation (8) represents a partially uncoupled set of simulta-
neous equations that may be solved analytically in the case of
weakly nonautonomous systems. To have a better insight into
the solutions of the equations, a perturbation method is ap-
plied to obtain analytical solutions instead of direct integra-
tion of the equations numerically.

III. Perturbation Analysis
^ In this paper, the amplitude of the in-plane harmonic force

F cos Sf is assumed to be small compared to the aerodynamic
force j3. Therefore, the small parameter e appearing in the
perturbation technique is defined as e = F/@CT in this investiga-
tion. In addition, let 3 be of the form

(9)

where K is a constant. Equation (8) can be rewritten as

+ /2n COS
N

+ Mm + ufam = ~ €|§cr E (KSmn
n = 1

+fmn cos &f)yn + 0(e2)

777 = 1, 2, . . ., AT, m*2 (10)

where ym , fmn , and gmn are entries of the matrices y, [F], and
[G], respectively.

In the present work, the method of multiple scales is used to
find the solutions of Eq. (10). One begins by introducing the
various time scales 7} = e-7"1?, j = 0, 1 , 2 , . . . , where ot\ is a
constant to^be determined. It follows that the derivatives with
respect to f become expressions in terms of the partial deriva-
tives with respect to 7). Although the parametric excitation
might stabilize the motion, one still expects the amplitude of y2
to be much larger than that of y\ (Ref. 15). Without loss of
generality, the dependent variables are scaled as>>m = e~ymzm9
where the zm are of order 1, and the ym are positive constants
to be determined in the solution except 71 which is set to 0. It
is assumed that the variables zm can be represented by a
uniformly valid expansion having the form

Zm = Zm0(T0, Tl9 T2) + e«

Tl9T2)+

o, TV T2)

(11)

In addition, the in-plane force is assumed to be slow varying in
this work. Hence, assume S = 2ea2a, where a is a detuning
parameter, and «2 is also a constant to be determined. Substi-
tuting Eq. (11) into Eq. (10) yields

2D0Dlzmo)

mn + fmn COS

m = 1,. .. , N, m 5*2
(12a)

fc21 + €^n + 2D0Dlz2Q)

cos

I = 0 (12b)

where ft = ea3fi is assumed, and the differential operators

To determine the effects of the excitation and the repeated
frequency, one must at least include the term of /i2z2o in Eq.
(12a) and the term of Z\Q in Eq. (12b). Thus y2 = c*i = l/2 are
set. Moreover, since the first excitation term appears in the
order of e1/2, to have S having time scale T\ and have the
damping term appearing in the same order with the first
excitation term, ct2 — a3 = 1A are assumed. In this case, all of
the other ym cannot be determined unless initial conditions are
taken into consideration. However, it can be easily shown that
the stability of the motion is independent of the values of these
ym. Therefore, these ym are set to zero for simplicity, i.e.,
ym = 0, for 777 > 3. In sum,

7 = 0 , 1 , 2 , . . .

0 = 2e'/2a

ym=zm, for 77

(13)

Equating the coefficients of like power of e in Eq. (12) leads to
the following equations:

Order 1
u\Z2Q = 0

Order e1/2

E>oZm0 + u2
mzm0 = 0 for m ± 2

= -2D0Dlz2o -
(15)

- &a(Kgn& +fm2 COS 2ffTi)Z2D for m * 2

The general solution of Eq. (14) may be written as

c.c.

= Gm(T{)eio)m T° + c.c. for m * 2
(16)

where c.c. denotes the complex conjugate of the preceding
term. Substituting Eq. (16) into Eq. (15), one finds that the
terms which lead to secular terms (the terms with the coeffi-
cient ei<J}mT°) are eliminated if

cos 2(77^2 = 0 (17a)

! = 0 (17b)

= 0 for m > 3 (17c)

where the prime denotes a differentiation with respect to T\.
Equation (17c) is independent of the other two, and the gen-
eral solution of it is

2/co1(G2
/

2ium(Gm +

for m > 3 (18)

where the hm are integration constants. It follows that as time
passes, these Gm will die away. In addition, GI may be elimi-
nated from Eqs. (17a) and (17b), giving the following equation
in G2 only:

Gf

+ /12COS (19)



1670 YOUNG AND CHEN: STABILITY OF FLUTTERED PANELS

CO

CD

Z3
•+->

E
<£

<D
Oî.
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Fig. 2 Transition curves of a cantilever square plate at the critical
aerodynamic pressure subjected to an in-plane harmonic force:
v = 0.3, 0/&r = 1.0.

Equation (19) is a damped Mathieu's equation which possesses
no closed-form solution, and the Floquet theory is utilized to
analyze the stability of its solution since the theory does not
require the coefficient of the nonautonomous term to be
small.

IV. Floquet Theory
Setting </> == aT{ first, Eq. (19) becomes

(20)+ /i2cos20)]G2 =

where the prime denotes a differentiation with respect to 0.
Then, introducing a transformation G2 = ue~"^/2a, the equa-
tion can be reduced to the standard form,

u " + (5 + £ cos 2<t>)u = 0 (21)

where the coefficients d = K£i2i§cr/4a>2(72 and £ =/i2j8Cr/4a)2o2.
By the use of Eq. (13), these two coefficients can be expressed
in terms of the original parameters as

(22)

Since Eq. (21) is a linear, second-order homogeneous differ-
ential equation, there exist two linear, nonvanishing indepen-
dent solutions of this equation, «i(</>) and u2(</>). It follows that
if u\(<t>) and «2(</>) form a fundamental set of solutions of Eq.
(21), «!(</> + TT) and u2(<t> + TT) must also form a fundamental
set of solutions of the same equation. Hence,

(23)
u2(<t> + TT) = + P22u2(<l>)

where the pmn are the elements of a constant nonsingular
matrix [P], According to the Floquet theory, there exists a
fundamental set of solutions, Vi and v2, having the property

TT) = for yi ^ ry2

(24a)

where ry/ are the eigenvalues of [P] and the superscript x is 0
or 1 dependent on the Jordan canonical form of the matrix
[P]. Such solutions are called normal or Floquet solutions.
Therefore, the solution of Eq. (20) can be written as

+ r2X2((t>) (25)

where the rt are integration constants, and the fundamental
solutions x/W>) = vt(<t>)e~

UR : unstable region
SR : stable region
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Fig. 3 Transition curves of a fluttered cantilever square plate sub-
jected to an in-plane harmonic force at different values of aerody-

(24b> namic pressure; v = 0.3, f = 0.05: a) 3/&r = 1.0, b) 3/&r = 1.05, and
c)/»//»„ = 1.1.
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Fig. 4 Transition curves of a fluttered cantilever square plate sub-
jected to an in-plane harmonic force with different exciting frequen-
cies; v = 0.3, f = 0.05: a) fl = 1.0, b) « = 1.5, and c) fl = 2.0.

If the v,(<£) satisfy Eq. (24a), then

Consequently, for steady-state motion, i.e., « — oo,

O, for
for

<1

(26)

(27>

For x/-~0, the motion is bounded; for x/-*00. the motion is
unbounded. Therefore, the transition curves that separate sta-
ble solutions from unstable ones are defined by

max I rite ~ ~^/2a 1 = 1, for i = 1 and 2 (28)

If the v/(<£) satisfy Eq. (24b), xiW> + nir) has the same form as
shown in Eq. (26). Hence xi is bounded if li^-**'2*! < i. But

X2«> + n T) = (29)

Again, xz is bounded if I iy/e-^T/2ff I < 1. Consequently, the
transition curves for this case are still the same as shown in Eq.
(28).

To determine the 77, , choose first a suitable fundamental set
of solutions Ui(<j)) and «2(<W such that

(30)
«2(0) = 0, H2 '(Q)=1

Substituting these initial conditions into Eq. (23), the matrix
[P] is found to be

[ P ] ^ (31)

Therefore, the characteristic equation of [P] can be written as

r72-2sr; + A =0 (32)

where the constants

and

A =

The constant A is called the Wronskian determinant of Wi(7r)
and H2(7r), which is proved to equal 1 (Ref. 15). Hence, the
roots of Eq. (32) are given by

i?i,2 = s ± - (33)

The value of s1 can be obtained by numerically integrating two
linear independent solutions of Eq. (21) having the initial
conditions as given in Eq. (30) during the first period of
oscillation.

By the use of Eq. (13), the transition curves can be expressed
in terms of the original parameters by

max I TJ/ I = for . / = ! and 2 (34)

To calculate the transition curves, one must first choose a
value for S, then search for the values of £ and 6 such that they
result in a set of r// which satisfy the condition imposed by Eq.
(34), and finally find the values of e and e* by Eq. (22). Note
that e/c is approximately equal to (/3//3cr) - 1 by Eq. (9).

V. Numerical Results and Discussion
Before formally presenting the numerical results for stabil-

ity studies, convergence studies of the finite element method
must be done. According to the previous research done by the
authors,9 72 triangular elements with 126 degrees of freedom
will be used in this work, and the grid work refinement of the
finite element model is shown in Fig. 1. With this number of
degrees of freedom used, the critical aerodynamic pressure and
the corresponding flutter frequency of a cantilever square plate
(0 = 0 deg) are calculated to be ft* = 58.201 and wfl = 6.5034,
where the Poisson ratio is taken as 0.3. Both data agree with
the results obtained by Srinivasan and Babu4 within 1%.

In a Strutt diagram, the e-S plane is separated into regions
of stability and instability by the transition curves. Along
these transition curves, at least one of the Floquet solutions is
periodic.15 Figure 2 presents the effect of the aerodynamic
damping on the transition curves of a cantilever square plate
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subjected to the critical aerodynamic pressure and an in-plane
harmonic force. In this figure, e = Fa2/J3CTD, S = &Jpha*/D
and fi = fj,a2/^phD. The transition curves are loosely sepa-
rated at the higher frequency range and are extremely dense
when the exciting frequency approaches zero, which makes the
locus of the transition curves impossible to be searched. Each
curve sprouts from the origin when the aerodynamic damping
is neglected, and shrinks upward if the damping is taken into
consideration. The regions within the transition curves are
unstable, whereas the region outside the curves is stable.
Therefore, the effect of the aerodynamic damping is stabiliz-
ing. Moreover, the transition curves at the lower frequency
range are affected more than those at the higher frequency
range. Note that, without the consideration of the aerody-
namic damping and the action of the in-plane harmonic force,
the system is unstable as the aerodynamic pressure reaches or
exceeds its critical value. But with the action of the in-plane

harmonic force, the system may become stable at certain
suitable combinations of the exciting frequencies and ampli-
tudes even when the aerodynamic pressure exceeds its critical
value.

The transition curves of a fluttered cantilever square plate
subjected to an in-plane harmonic force at different values of
aerodynamic pressure are shown in Fig. 3. Again the transi-
tion curves in Figs. 3a and 3b are extremely dense when the
exciting frequency approaches zero, which makes the curves
impossible to be searched. It is observed that the transition
curves move upward and close up toward the lower frequency
range as the aerodynamic pressure increases, leaving a smaller
stable region. Hence, the effect of the aerodynamic pressure is
(destabilizing in the postcritical range. Furthermore, to verify
the validity of the solution obtained by the perturbation
method, some results obtained by direct numerical integration
of Eq. (8) are given. As one may see from Fig. 3, the results
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Exciting Frequency 0
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UR: unstable region
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Fig. 5 Transition curves of a fluttered cantilever square plate sub-
jected to an in-plane harmonic force with different amplitudes;
v = 0.3, £ = 0.05: a) e = 0.01, b) e = 0.02, and c) c = 0.04.

c)

0.5 1.0 1.5

Exciting Frequency 0
2.0

Fig. 6 Transition curves of a cantilever skew plate at a postcritical
aerodynamic pressure subjected to an in-plane harmonic force;
a/b = 1.0, v = 0.3, jf = 0.05, and 0/3cr = 1.05: a) 6 = 0 deg, b) 0 = 15
deg, and c) 0 = 30 deg.
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obtained by these two methods agree closely within the range
of parameters shown in this work.

The transition curves of a fluttered cantilever square plate
subjected to an in-plane harmonic force with different exciting
frequencies are depicted in Fig. 4. The figure reveals that an
increase in the exciting frequency shifts the stable region up-
ward and enlarges its size. Hence, the effect of the exciting
frequency is stabilizing.

Figure 5 illustrates the transition curves of a fluttered
cantilever square plate subjected to an in-plane harmonic
force with different amplitudes. The transition curves are
thinly scattered at the higher frequency range and are ex-
tremely crowded when the exciting frequency approaches
zero. It is observed that an increase in the amplitude of the
exciting force stretches the transition curves upward, leaving a
larger stable region. Consequently, the effect of the amplitude
is destabilizing. Moreover, an increase in the amplitude of the
exciting force causes the transition curves to spread outwards,
which means that the exciting force with a larger amplitude
needs a higher exciting frequency to stabilize the system.

Figure 6 presents the effect of changes of the skew angle on
the stability boundaries of a fluttered cantilever skew plate
subjected to an in-plane harmonic force on the S-e plane. The
figure reveals that the transition curves are pushed upward
and closed up toward the lower frequency range as the skew
angle becomes larger, giving a larger stable region. Therefore,
a plate with a larger skew angle is more stable and heeds the
exciting force with a larger amplitude but lower frequency to
stabilize it. The stability boundaries of a fluttered cantilever
skew plate subjected to an in-plane harmonic force on the j§-e
and S-j§ planes show similar characteristics as already ob-
served in the previous figures.

VI. Conclusions
The dynamic stability of a cantilever skew plate subjected to

an aerodynamic force with the magnitude exceeding its critical
value and acted on simultaneously by an in-plane harmonic
force was studied in this paper. The effects of system parame-
ters on the changes of the transition curves of the system were
investigated, and the following conclusions are obtained.

1) When the aerodynamic pressure exceeds its critical value,
the plate may remain stable under the action of the in-plane
harmonic force at certain combinations of the amplitude and
the exciting frequency.

2) The effects of the exciting frequency and amplitude of
the in-plane harmonic force are both stabilizing.

3) An increase in the aerodynamic pressure destabilizes the
system in the postcritical range, and an increase in the aerody-
namic damping stabilizes the system.

4) A plate with a larger skew angle is more stable.
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